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λmfp≈ρ/∇ρ
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fluid

Unperturbed 
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12 Shock

ρ1u1=ρ2u2

Mass conservation across the fluid (1  upstream →
flow; 2  downstream flow):→

Compression ratio R:

R≡
ρ2

ρ1

=
u1

u2

Therefore: u2=
u1

R

Or if we use V_shock for the upstream speed u1: u2=
V shock

R



  

Mach Number and Mach Cone

(A) & (B) 
subsonic flow

(C) & (D) 
supersonic flow



  

Adapted from
lecture of 

Vasily Belokurovhttps://people.ast.cam.ac.uk/~vasily/Lectures/AFD_2021_Reynolds/AFDLecture09_10Feb2021.pdf
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First-order Fermi acceleration: 
shock acceleration
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Second-order Fermi acceleration: 
stochastic acceleration



  

Magnetic reconnection

Ideal MHD:

∂B
∂ t

=∇×(v×B )−∇×[η J+ J×Bne −
∇ pe
ne ]

∂B
∂ t

=∇×(v×B )

Non-ideal MHD:

Ideal MHD means the plasma is a perfect conductor. B frozen in plasma.
So if magnetic field lines are separate, they stay separate. 
In realistic MHD you have resistive diffusion, Hall term, electron-pressure 
term, etc.   reconnection. Outflow leaves with ~Alfvenic speed:→

Inflow   current sheet Inflow                              Outflow→ ←
  

v A=
B

√4 π ρ



  

Direct electric-field acceleration in 
magnetospheres

Acceleration of charges occurs also in pulsar
magnetospheres. 

The charges are pushed along the open 
Magnetic field lines



  

Goldreich-Julian Density
Let’s assume that the magnetic field is a dipole with the magnetic axis 
aligned with the rotation axis. The magnetic field at a distance r from 
the neutron star is:

The plasma within the magnetosphere is assumed to co-
rotate with the neutron star. The co-rotation velocity at a 
point is: v=Ω×r

According to Faraday’s law, a changing magnetic flux induces an 
electric field. 

In the co-rotating frame, this electric field can be expressed as:

E=−
Ω×(r×B )

c



  

Goldreich-Julian Density
This becomes (for a simple case where Omega and r are parallel): 

E=−Ωr B sinθ
c

Φ̂

where phi is the azimuthal direction. 

Now, in a force-free magnetosphere (i.e. no parallel 
electric & magnetic fields): 
E⋅B=0

To eliminate the parallel electric field, we need the right 
charge density to screen out the component of the electric 
field that would accelerate particles along magnetic field lines. 
We can then use Gauss law to find which charge density we 
need to do that. 



  

Goldreich-Julian Density
From Gauss’ law we find the so-called Goldreich-Julian 
density:
ρGJ=−Ω⋅B

2π c

(To find it, remember the triple cross product A x (B x C) = B(AC) – 
C(AB), and apply it to the Electric field formula, then take the 
divergence). 

The force-free magnetosphere means no parallel electric field.
Gauss's law provides the correct charge density to ensure this by 
neutralizing the electric field component along the magnetic 
field.
Without satisfying Gauss’s law, the magnetosphere would 
develop accelerating fields, breaking co-rotation and leading to 
particle outflows and gaps.



  

The pulsar magnetosphere cannot perfectly maintain 
the force-free condition everywhere because some 
regions are “charge-starved”, especially near the 
magnetic poles and light cylinder.
The force-free condition is locally violated in specific 
regions called gaps, where the required charge 
density is not present.

A. Inner Gap (Polar Cap Region):
Located near the neutron star surface, around the 
magnetic poles.
The neutron star surface cannot supply enough 
charges to meet the Goldreich-Julian density. As a 
result the parallel electric field is not completely 
canceled. Particles are accelerated along magnetic 
field lines, producing curvature radiation and pair 
production.

B. Outer Gap (Light Cylinder Region):
Located further out near the light cylinder, where 
magnetic field lines are open. Plasma created in the 
inner gap or polar region cannot fill the entire 
magnetosphere. The plasma density decreases as field 
lines stretch, causing a deficit of charges. The parallel 
electric field reappears, accelerating particles to high 
energies and emitting gamma rays.

Gaps
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