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Two family scenario: Witten hypothesis
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E/A
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Witten 
hypothesis
Witten, PRD (1984)
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Bulk SQM

?E/A =

The energy per baryon of bulk SQM 
is unknown!

(P = 0, T = 0) “Standard” 
hypothesis
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<

E/A > 930 MeV
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<
Bulk  
SQM

Bulk  
SQM

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.30.272
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Two family scenario: SQM stability
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PSR J0740+6620 (Fonseca et al. 2021)
PSR J0952-0607 (Romani et al. 2022)
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Two-families scenario 
Absolutely stable SQM (“Witten” hypothesis)  
Quark stars (QSs) and Neutron stars (NSs) coexist

Drago et al. EPJ (2016)One-family scenario 
No absolutely stable SQM (“Standard” hypothesis)

Some compact stars may be hybrid stars (HybSs)

Neutron stars Hybrid stars

same stable EOS
Neutron stars Quark stars

NSs are metastable 
i.e. described by a  

metastable EOS branch

QSs are stable  
and self-bound
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})
Bayes’  
Theorem
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Hadron EoS ℒH = ∑
b

ψ̄b[iγμ∂μ − mb + gσbσ − gωbγμωμ − gϕbγμϕμ − gρb(nB) γμIb⋅ρ μ]ψb

+∑
d

ψ̄dν[iγμ∂μ − md + gσdσ − gωdγμωμ − gρd(nB) γμId⋅ρ μ]ψν
d

+
1
2 (∂μσ ∂μσ − m2

σσ2) −
1
3

b mN(gσNσ)3 −
1
4

c (gσNσ)4

−
1
4

ωμνωμν +
1
2

m2
ω ωμωμ −

1
4

ρμν⋅ρμν +
1
2

m2
ρ ρμ⋅ρμ

−
1
4

ϕμνϕμν +
1
2

m2
ϕ ϕμϕμ

 
b ∈ {n, p, Λ, Σ+, Σ0, Σ−, Ξ0, Ξ−}

d ∈ {Δ++, Δ+, Δ0, Δ−}

gρN(nb) = gρN(nsat)exp[ − aρ( nb

nsat
− 1)]

P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})
Bayes’  
Theorem
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Hadron EoS

P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})
Bayes’  
Theorem

Quark EoS ΩQ(μq) = −
3a4

4π2
μ4

q +
3

4π2 (m2
s − 4Δ2) μ2

q + B
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Hadron EoS

P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})
Bayes’  
Theorem

Quark EoS

θH ≡ {nsat, Esat, Ksat, Esym, Lsym, m*/m, UΛ, UΣ, UΞ, xσΔ, xωΔ}

θQ ≡ {a4, B, Δ}

θ = (θH, θQ)
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})
Bayes’  
Theorem

0 ≲ xσΔ − xωΔ ≲ 0.2

VN − 30 MeV ≲ VΔ ≲ UN

μQ(P = 0) =
εQ

nB,Q
P=0

< 930 MeV

μQ(P) < μH(P)

Drago et al. PRC (2014)

https://journals.aps.org/prc/abstract/10.1103/PhysRevC.90.065809
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})

ℒ(H)(θ) = ∏
i

ℒ(H)
i (θ)

Likelihood

Bayes’  
Theorem
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})

ℒ(H)(θ) = ∏
i

ℒ(H)
i (θ)

Likelihood

ℒ(1F)
i (θ) ∝ ∫

M(1F)
NS,max(θ)

M(1F)
NS,min(θ)

dM qi[M, RTOV
NS (M; θ)]

ℒ(2F)
i (θ) ∝ ∑

f∈{NS,QS}
∫

M(2F)
f,max(θ)

M(2F)
f,min(θ)

dM qi[M, RTOV
f (M; θ)] η(2F)

f (M; θ) ≡ ℒ(2F)
NS,i(θ) + ℒ(2F)

QS,i(θ)

Bayes’  
Theorem
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Two-Family scenarioOne-Family scenario
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Two-Family scenarioOne-Family scenario

ln Z1F ≈ − 40 ln Z2F ≈ − 28
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• Regimes of low temperatures and high 
densities: neutron stars and compact stars

• Regime of high temperatures and low 
densities: Lattice QCD and heavy ions 
collisions

• Only a few EOS are studied in both regimes 
simultaneously and with several model-
dependent parameters: a complete 
description is still challenging.
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Lagrangian which is able to mimic the scale anomaly of QCD at mean field level:

 P.L., Lavagno, A. and Drago, EPJ Web Conf. 314,00038 (2024)

 P.L., Lavagno, A. and Drago, Phys.Rev.C (in preparation) (2026)
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Lagrangian which is able to mimic the scale anomaly of QCD at mean field level:

•Gluon condensate dynamics dominated below .

•Condensate evaporates into quasi-free gluons at higher temperatures.

• Inclusion perturbative gluon-gluon interaction for 

• Investigation of the impact of thermal fluctuations on the dilation field

Tc

T ≫ Tc

⟨Δ2
χ⟩ =

1
2π2ϕ2

0 ∫
∞

0

k2

ϵχ

1
eβϵχ − 1

dk

Pχ(z) =
1

2π⟨Δ2
χ⟩

exp (−
z2

2⟨Δ2
χ⟩ ) ⟨f(χ)⟩ = ∫

∞

−∞
Pχ(z)f( χ̄ + z) dz

χ = χ̄ + Δχ

It is possible to divide the glueball into two distinct components: the mean field  and the fluctuating 
part , with .

χ̄
Δχ ⟨Δχ⟩ = 0
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Pure gauge  sectorSU(3)c

PdilJ = − (2J + 1)T∫
dk3

(2π)3
ln(1 − e−β k2 + m*2

J )
Ω̃(χ, T)

V
=

Ω(χ, T)
V

−
N

∑
J

PdilJ
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Pure gauge  sectorSU(3)c

PdilJ = − (2J + 1)T∫
dk3

(2π)3
ln(1 − e−β k2 + m*2

J )
Ω̃(χ, T)

V
=

Ω(χ, T)
V

−
N

∑
J

PdilJ

Modified infrared cut-of

K̃(χ, T) =
A

1 − χ2
=

A
1 − χ̄2 − ⟨Δ2

χ⟩ ⋅ F(T)
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Meson and baryon sector at finite chemical potential
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𝒱̃ = 𝒱(χ) −
1
2

B0δχ4 ln
σ2 + π2

σ2
0

+
1
2

B0δχ2 [ σ2 + π2

σ0
−

χ2

2 ] −
1
4

ϵ′￼1χ2[ 4σ
σ0

− 2( σ2 + π2

σ2
0 ) − χ2] −

3
4

ϵ′￼1 .

ℒ̃ =
1
2

∂μσ∂μσ +
1
2

∂μπ ⋅ ∂μπ +
1
2

∂μϕ∂μϕ −
1
4

ωμνωμν −
1
4

Bμν ⋅ Bμν +
1
2

Gωϕϕ2ωμωμ +
1
2

Gbϕϕ2bμ ⋅ bμ

+[(G4)2ωμωμ]
2

− 𝒱̃ + N̄ [γμ (i∂μ − gωωμ −
1
2

gρbμ ⋅ τ) − g σ2 + π2] N
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⟨4B0 χ3 ln χ − 2B0 δ χ3 ln( σ2 + π2

σ2
0 ) + B0 δ χ

σ2 + π2

σ2
0

− B0 δ χ3 + ϵ′￼1 χ
σ2 + π2

σ0
+ ϵ′￼1 χ3⟩

⟨ gσ2
0σ

σ2 + π2 ⟩[ρp
S + ρn

S] − ⟨B0 σ2

σ4
0

δχ4 σ
σ2 + π2

+ (B0 δ + ϵ′￼1)χ2σ − ϵ′￼1
χ2

σ0 ⟩ = 0

4G4 ω3
0 + m2

ω(χ̄2 + ⟨Δ2
χ⟩)ω0 − gω ρB = 0

m2
ρ(χ̄2 + ⟨Δ2

χ⟩)b0 − gρ ρ3 = 0

−2 ϵ′￼1 χ̄
σ̄
σ0

− m2
ω χ̄ (ω2

0 + ⟨ΔωμΔωμ⟩) − m2
ρ χ̄ (b2

0 + ⟨ΔbμΔbμ⟩) = 0

 field equationχ

 field equationσ

 field equationω

 field equationρ
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χ2

σ0 ⟩ = 0

4G4 ω3
0 + m2

ω(χ̄2 + ⟨Δ2
χ⟩)ω0 − gω ρB = 0

m2
ρ(χ̄2 + ⟨Δ2

χ⟩)b0 − gρ ρ3 = 0

−2 ϵ′￼1 χ̄
σ̄
σ0

− m2
ω χ̄ (ω2

0 + ⟨ΔωμΔωμ⟩) − m2
ρ χ̄ (b2

0 + ⟨ΔbμΔbμ⟩) = 0

 field equationχ

 field equationσ

 field equationω

 field equationρ

⟨A(Φi + ΔΦi)⟩ = ∫ ∏
i

dzi P(zi, ⟨Δ2
i ⟩) A(Φi + zi)

Φ = (ϕ, σ, π0, π+, π−)
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⟨4B0 χ3 ln χ − 2B0 δ χ3 ln( σ2 + π2

σ2
0 ) + B0 δ χ

σ2 + π2

σ2
0

− B0 δ χ3 + ϵ′￼1 χ
σ2 + π2

σ0
+ ϵ′￼1 χ3⟩

⟨ gσ2
0σ
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+ (B0 δ + ϵ′￼1)χ2σ − ϵ′￼1
χ2

σ0 ⟩ = 0

4G4 ω3
0 + m2

ω(χ̄2 + ⟨Δ2
χ⟩)ω0 − gω ρB = 0

m2
ρ(χ̄2 + ⟨Δ2

χ⟩)b0 − gρ ρ3 = 0

−2 ϵ′￼1 χ̄
σ̄
σ0

− m2
ω χ̄ (ω2

0 + ⟨ΔωμΔωμ⟩) − m2
ρ χ̄ (b2

0 + ⟨ΔbμΔbμ⟩) = 0

 field equationχ

 field equationσ

 field equationω

 field equationρ

⟨Δ2
i ⟩ =

ni

2π2 ∫
∞

0

k2

ϵ*i

1
eβ(ϵ*i −μ*i ) − 1

dk

ni = {
1 for ϕ, σ, π0, π+, and π− mesons
−3 for ωμ, b0μ, b+μ, and b−μ mesons

⟨A(Φi + ΔΦi)⟩ = ∫ ∏
i

dzi P(zi, ⟨Δ2
i ⟩) A(Φi + zi)

Φ = (ϕ, σ, π0, π+, π−)

ϵ*i = k2 + m*2
i



Meson and baryon sector at finite chemical potential

21

⟨4B0 χ3 ln χ − 2B0 δ χ3 ln( σ2 + π2

σ2
0 ) + B0 δ χ

σ2 + π2

σ2
0

− B0 δ χ3 + ϵ′￼1 χ
σ2 + π2

σ0
+ ϵ′￼1 χ3⟩

⟨ gσ2
0σ

σ2 + π2 ⟩[ρp
S + ρn

S] − ⟨B0 σ2

σ4
0

δχ4 σ
σ2 + π2

+ (B0 δ + ϵ′￼1)χ2σ − ϵ′￼1
χ2

σ0 ⟩ = 0

4G4 ω3
0 + m2

ω(χ̄2 + ⟨Δ2
χ⟩)ω0 − gω ρB = 0

m2
ρ(χ̄2 + ⟨Δ2

χ⟩)b0 − gρ ρ3 = 0

−2 ϵ′￼1 χ̄
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 field equationχ
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 field equationρ

⟨Δ2
i ⟩ =
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2π2 ∫
∞

0
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ϵ*i

1
eβ(ϵ*i −μ*i ) − 1

dk

ni = {
1 for ϕ, σ, π0, π+, and π− mesons
−3 for ωμ, b0μ, b+μ, and b−μ mesons

⟨A(Φi + ΔΦi)⟩ = ∫ ∏
i

dzi P(zi, ⟨Δ2
i ⟩) A(Φi + zi)

Φ = (ϕ, σ, π0, π+, π−)

ϵ*i = k2 + m*2
i

mρ = mρ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mN = mN(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mσ = mσ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mχ = mχ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mπ = mπ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)
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Meson and baryon sector at finite chemical potential
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Meson and baryon sector: phase diagram
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Summary
• Development of a numerical pipeline for RMF predictions of the dense-matter EOS and 

Bayesian analysis for the two-family scenario


• Phenomenological approach reproduces main EOS lattice QCD results for pure gauge 
 thermodynamics, consistently showing a first-order phase transition, solving 

the stability problems of the complex potential.


• A model beyond mean field has been developed, including mesonic and baryonic 
sectors, enabling the exploration of a wide range of temperatures and densities, 
including thermodynamic fluctuations.

SU(3)c
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Outlooks
• Take into account new degrees of freedom:

  quarksSU(3)f

hadronic phase with strange meson and baryon

• QCD phase diagram in a large range of temperature and densities

• High-energy astrophysical phenomena: 

neutron star structure (two family scenario through Bayesian 
analysis)

Using future observations in the two family scenario

Testing the coexistence of hybrid stars and strange quark 
stars with Bayesian inference

cosmological trajectories (little inflation scenario) in the 
QCD epoch of the early universe

27
J. Schaffner-Bielich et al., Phys.Rev.D 85, 103506 (2012)
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Two family scenario
• Hyperon and Delta Puzzle: 

expected appearance of hyperons ( ) and -resonance 
significantly softens the EoS [Lavagno et al. Phys.Rev.C (2014)].

> 2 − 3 nsat Δ

• Observational Conflict: 

soft EoSs fail to support observed  NS, which mandate a stiff EoS.∼ 2M⊙

https://journals.aps.org/prc/abstract/10.1103/PhysRevC.90.065809
https://iopscience.iop.org/article/10.3847/1538-4357/ad67cc
https://www.mdpi.com/2218-1997/11/8/258
https://www.sciencedirect.com/science/article/pii/S2214404825001727?via=ihub
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Two family scenario
• Hyperon and Delta Puzzle: 

expected appearance of hyperons ( ) and -resonance 
significantly softens the EoS [Lavagno et al. Phys.Rev.C (2014)].

> 2 − 3 nsat Δ

• Observational Conflict: 

soft EoSs fail to support observed  NS, which mandate a stiff EoS.∼ 2M⊙

The Two-Family Scenario
•  Based on Bodmer-Witten hypothesis

•  Mechanism: a strong, first-order phase transition in the core.
•  Creates two disconnected, stable Mass-Radius branches:

• Hadronic: Soft branch, .Mmax < 2M⊙

• Quark: Stiff branch, .Mmax ≥ 2M⊙

• Once reached deconfinement conditions, HS converts to QS 
[Astrophys.J. 974 (2024); Universe 11 (2025) 258; JHEAp 50 (2026)]
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https://journals.aps.org/prc/abstract/10.1103/PhysRevC.90.065809
https://iopscience.iop.org/article/10.3847/1538-4357/ad67cc
https://www.mdpi.com/2218-1997/11/8/258
https://www.sciencedirect.com/science/article/pii/S2214404825001727?via=ihub
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ℒ(2F)
GW170817(θ) ∝ ∫

M(2F)
NS,max(θ)

M(2F)
NS,min(θ)

dM1 ∫
M(2F)

NS,max(θ)

M(2F)
NS,min(θ)

dM2 qGW170817[M1, M2, ΛTOV
NS (M1; θ), ΛTOV

NS (M2; θ)] η(2F)
NS-NS(M1, M2; θ)

+∫
M(2F)

NS,max(θ)

M(2F)
NS,min(θ)

dM1 ∫
M(2F)

QS,max(θ)

M(2F)
QS,min(θ)

dM2 qGW170817[M1, M2, ΛTOV
NS (M1; θ), ΛTOV

QS (M2; θ)] η(2F)
NS-QS(M1, M2; θ)

+∫
M(2F)

QS,max(θ)

M(2F)
QS,min(θ)

dM1 ∫
M(2F)

NS,max(θ)

M(2F)
NS,min(θ)

dM2 qGW170817[M1, M2, ΛTOV
QS (M1; θ), ΛTOV

NS (M2; θ)] η(2F)
QS-NS(M1, M2; θ)

+∫
M(2F)

QS,max(θ)

M(2F)
QS,min(θ)

dM1 ∫
M(2F)

QS,max(θ)

M(2F)
QS,min(θ)

dM2 qGW170817[M1, M2, ΛTOV
QS (M1; θ), ΛTOV

QS (M2; θ)] η(2F)
QS-QS(M1, M2; θ)
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Two-Family scenarioOne-Family scenario
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})
Bayes’  
Theorem

0 ≲ xσΔ − xωΔ ≲ 0.2

VN − 30 MeV ≲ VΔ ≲ UN

μQ(P = 0) =
εQ

nB,Q
P=0

< 930 MeV

μQ(P) < μH(P)
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})

ℒ(H)(θ) = ∏
i

ℒ(H)
i (θ)

Likelihood

Bayes’  
Theorem

- Y. Suwa et al, Mon. Not. Roy. Astron. Soc. 481, 3305 (2018).     
- B. Muller et al., Phys. Rev. Lett.134, 071403 (2025)
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})

ℒ(H)(θ) = ∏
i

ℒ(H)
i (θ)

Likelihood

ℒ(1F)
i (θ) ∝ ∫

M(1F)
NS,max(θ)

M(1F)
NS,min(θ)

dM qi[M, RTOV
NS (M; θ)]

ℒ(2F)
i (θ) ∝ ∑

f∈{NS,QS}
∫

M(2F)
f,max(θ)

M(2F)
f,min(θ)

dM qi[M, RTOV
f (M; θ)] η(2F)

f (M; θ) ≡ ℒ(2F)
NS,i(θ) + ℒ(2F)

QS,i(θ)

Bayes’  
Theorem

- Y. Suwa et al, Mon. Not. Roy. Astron. Soc. 481, 3305 (2018).     
- B. Muller et al., Phys. Rev. Lett.134, 071403 (2025)
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})

Z(H)({Di}) = ∫ dθ ℒ(H)(θ) π(H)(θ)

Bayesian evidence

Bayes’  
Theorem
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P(θ ∣ {Di}, H) =
ℒ(H)(θ) π(H)(θ)

Z(H)({Di})

Z(H)({Di}) = ∫ dθ ℒ(H)(θ) π(H)(θ)

Bayesian evidence

Z1F ≈ − 40 Z2F ≈ − 28

ℬ2F,1F ≈ 10

Bayes’  
Theorem
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• Negligible baryon density: 


• QCD phase transition: crossover

μB ≪ T

T. Boeckel and J. Schaffner-Bielich, PRD 85, 103506 (2012)



Little inflation scenario
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• Non vanishing :  


•  has two minima


• System stucks in false vacuum 

          LITTLE INFLATION 

• First order phase transition: release of 
false vacuum energy causes reheating

μB μB/T ∼ O(1)

Ω(T, V, μB)

⇒

T. Boeckel and J. Schaffner-Bielich, PRD 85, 103506 (2012)



When the Universe expands and cools down, it follows a certain path in 
the QCD phase diagram, the so-called cosmic trajectory

Equation of State for: cosmic trajectories

45

T. Boeckel and J. Schaffner-Bielich, PRD 85, 103506 (2012)
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Conservation laws
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2. Baryon number: bs = ∑
i

Bini

3. Electric charge:  qs = ∑
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 (charge neutrality)q = 0

 b = 8.6 × 10−11

 free input parameterslα

5 conservation laws

5 equations
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→
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μB μQ T. Boeckel and J. Schaffner-Bielich, PRD 85, 103506 (2012)



When the Universe expands and cools down, it follows a certain path in 
the QCD phase diagram, the so-called cosmic trajectory

Equation of State for: cosmic trajectories

45

Conservation laws

1. Lepton number:   ,  lαs = nα + nνα
α = e, μ, τ

2. Baryon number: bs = ∑
i

Bini

3. Electric charge:  qs = ∑
i

Qini

 (charge neutrality)q = 0

 b = 8.6 × 10−11

 free input parameterslα

5 conservation laws

5 equations

5 chemical potentials

, , 

→
→
μLα

μB μQ Mandy M. Wygas et al., PRL 121, 201302 (2018)



Equation of State for: cosmic trajectories

Quark Phase b =0.01

Hadron Phase b =8.6x10 -11
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Meson and baryon sector at finite chemical potential



Little inflation scenario
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Numerical details
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4 field equations:


χ, σ, ω, ρ

6 mass equations:

















mχ = mσ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mσ = mσ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mπ = mσ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mω = mσ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mρ = mσ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

mN = mσ(χ, σ, π, ω, ρ, ⟨Δ2
i ⟩)

2 conservation equation:


Total baryonic charge


Total electric charge

……

⟨Δ2
i ⟩ =

ni

2π2 ∫
∞

0
dk

k2

e*i (ϕ̄j, ⟨Δ2
j ⟩)

1

exp [β (e*i (ϕ̄j, ⟨Δ2
j ⟩) − μ*i )] − 1

…… e*i = k2 + m*2
i



Symmetries of the model
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Chiral symmetry
Chiral symmetry is spontaneously broken in the QCD vacuum. The vacuum is non-trivial and not invariant under the chiral 
transformation , even in the chiral limit, so that the order parameter  acquires a non-zero 
expectation value. By increasing temperature and/or density, the quark condensate melts, restoring chiral symmetry.

SU(Nf )L × SU(Nf )R < q̄i
Lqj

R >

Scale anomaly
A theory is invariant under scale transformations if its action remains constant when the fields are transformed as follows 
under the scale operator :


                                                     


where ∆ is the scale dimension of . The action remains unchanged only if no dimensional parameter is present: scale invariance 
is broken due to quantum corrections due to the appearance of a dimensional parameter .

U(λ)

ϕ(x) → U+ϕ(x)U(λ) = λΔϕ(λx)

ϕ
Λ



Pure gauge  sectorSU(3)c
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To improve accuracy with latticeQCD data:

• Inclusion excited glueballs:

M2(J, T) =
1
α′￼

(J − α0)σ(T) ≃ 4(J − 0.58)σ(T)

PdilJ = − (2J + 1)T∫
dk3

(2π)3
ln(1 − e−β k2 + m*2

J )
Ω̃(χ, T)

V
=

Ω(χ, T)
V

−
N

∑
J

PdilJ
• N. Cardoso and P. Bicudo, Phys. Rev. D 85, 077501 (2012).

• G. Boyd et a., Nuclear Physics B 469, 419 (1996)



Pure gauge  sectorSU(3)c
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To improve accuracy with latticeQCD data:

• Inclusion excited glueballs;

•Modification infrared cut-of:

I =
s

T3
−

4P
T4

⇒ s/T3 ≫ 4P/T4

K̃(χ, T) =
A

1 − χ2
=

A
1 − χ̄2 − ⟨Δ2⟩ ⋅ F(T) F(T) =

Θ(T − Tc)

1 + (T − Tc

γ )2

Form factorModified infrared cut-of



Meson and baryon sector at finite chemical potential
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𝒱̃ = 𝒱(χ) −
1
2

B0δχ4 ln
σ2 + π2

σ2
0

+
1
2

B0δχ2 [ σ2 + π2

σ0
−

χ2

2 ] −
1
4

ϵ′￼1χ2[ 4σ
σ0

− 2( σ2 + π2

σ2
0 ) − χ2] −

3
4

ϵ′￼1 .

Ω̃
V

= ⟨𝒱̃⟩ −
1
2

m2
ω χ2ω2

0 −
1
2

m2
ρ χ2b2

0 −
G4

4
ω4

0 −
1
2

m*2
σ ⟨Δ2

σ⟩ −
1
2

m*2
π ⟨π2⟩ −

1
2

m*2
χ ⟨Δ2

χ⟩

+
T

2π2 ∫ dk k2 [ln(1 − e−βϵσ) + 3 ln(1 − e−βϵω)] +
T

2π2 ∫ dk k2 ∑
a=1,3

ln(1 − e−β(ϵ*π −μ*a
π )) + 3 ∑

a=1,3

ln(1 − e−β(ϵ*ρ −μ*a
ρ ))

−
T
π2 ∑

i=p,n
∫ dki k2

i [ln (1 + e−β(E*i −μ*i )) + ln (1 + e−β(E*i +μ*i ))]

The thermodynamical potential is
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Meson and baryon sector: thermal fluctuations

Pσ(z) =
1

2π⟨Δ2
σ⟩

exp (−
z2

2⟨Δ2
σ⟩ ) , Pπ(y) =

2
π ( 3

⟨Δ2
π⟩ )

(3/2)

exp (−
3y2

2⟨Δ2
π⟩ ) ,

⟨O(σ̄ + Δσ, π2)⟩ = ∫
∞

−∞
dzPσ(z)∫

∞

0
dyy2Pπ(y)O(σ̄ + z, y2) .

⟨Δ2
i ⟩ =

ni

2π2 ∫
∞

0

k2

ϵ*i

1
eβ(ϵ*i −μ*i ) − 1

dk ni = {
1 for ϕ, σ, π0, π+, and π− mesons
−3 for ωμ, b0μ, b+μ, and b−μ mesons



The thermodynamical potential in the mean field approximation
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Ω(χ, T)
V

= ⟨𝒱(χ)⟩ − Pdil(χ, T) − Pq−free(χ, T) − Pint(χ, T) +
B0

4
−

1
2

m*2
χ ⟨Δ2

χ⟩
Where

Pdil(χ, T) =
1

6π ∫
∞

0
dk

k4

k2 + m*2
χ

1

eβ k2 + m*2
χ − 1

Pq−free(χ, T ) = − 2(N2
c − 1)T∫

d3k
(2π)3

ln (1 − e−k/T) Θ (k − K(χ))

Pint(χ, T ) = g2Nc(N2
c − 1){(−3)[∫

d3k
(2π)3

1
k

NB ( k
T ) Θ (k − K(χ))]2 + ∫

d3k1

(2π)3

d3k2

(2π)3

1
k1k2

NB ( k1

T ) NB ( k2

T )
× Θ (k1 − K(χ)) Θ (k2 − K(χ)) × [ 9

4
Θ ( |k1 + k2 | − K(χ)) −

1
4

Θ ( |k1 − k2 | − K(χ))]}

K(χ) =
A

(1 − χ)
g2(T) =

48π2

11Nc ln ( T2 + S2

Λ2 )
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PNS with dilaton model
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