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Quark matter in Neutron star cores

□high- and low-density limits under 
theoretical control

□systematic use of these limits + 
observational data 

[Annala et al. PRL 120 (2018);
Nature Phys. 16 (2020); PRX 12 (2022);
Nature Comm. 14 (2023)]

“in the cores of maximally 
massive stars, the

EoS is consistent with quark 
matter”
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Quark matter in Neutron star cores

[Annala et al. PRL 120 (2018);
Nature Phys. 16 (2020); PRX 12 (2022);
Nature Comm. 14 (2023)]

This talk: techniques to obtain 
more precise pQCD 

predictions.
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Cold quark matter

mixed modes

soft modes

only 
partial 
results for 
hard 
N3LO 
piece

pQCD

+ […..]
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Cold quark matter

mixed modes

soft modes
  

Can we make use of (semi-)analytic 
techniques developed in the context of 
vacuum Feynman Integrals; especially 
given the low number of scales, i.e. μ 
(and m)?

pQCD

only 
partial 
results for 
hard 
N3LO 
piece
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Dense QFT calculations 
□ Diagram generation (e.g. QGRAF)
□ Integrand symmetrization (e.g. Feynson)
□ numerator algrabra (e.g. FORM)
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Cutting rules
□ organizes residue calculus
□ yields vac. propagators (w/o μ)
□ D-dim regularisation for UV & IR
□ no Lorentz inv., but 

spatial rotational inv.

[Ghisoiu et al., Nucl.Phys.B 915 (2017)]
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...towards Feynman integrals
□ restore Lorentz covariance

□ arrive at vacuum FIs (over constrained volume), e.g. 

□ Interpret on-shell conditions / discontinuity as propagator,
commonly known as reverse unitarity [Anastasiou and Melnikov, Nucl. Phys. B 646 (2002)]
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Integration-by-parts identities ,

□ simple (but powerful) relation to generate linear relations between integrals with 
different numerator and denominator powers.

□ ``IBP reduction’’: express any integral through sum of few, simple ``master integrals’’
fully automatized in many codes for standard FIs (i.e. no θ)

□ in practice, we generate large linear systems [Laporta, Int.J.Mod.Phys.A 15 (2000)] and 
solve them using Ratracer [Magerya, 2211.03572 ]

□ in our case, trade numerator/denominator powers, as well as θ’s with δ’s  

integrals over gradients vanish in dim. reg. [Chetyrkin and Tkachov, Nucl.Phys.B 192 (1981)]

also useful for FIs over constrained domains [Baranowski,MD,Melnikov,Wang, JHEP 02 (2022)] 
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Differential equations for MI

take derivatives

IBP reduction

□ vast literature on how to simplify DEs, handle appearing special functions, solve 
numerically,…[...]

□ effectively turned ``computing integrals’’ into ``solving DEs’’ + ``finding boundary 
conditions’’, the latter step can be simplified even further 

[Kotikov, Phys.Lett.B 254 (1991)]

□ Integrals close under IBPs → satisfy linear PDE system in kinematic variables
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Differential equations for MI: auxiliary mass flow

□ basic idea: insert auxiliary mass η into (subset of) propagators,
use large η limit to impose boundary conditions

□ has been fully automatized for standard FIs (AMFlow)
(we derive DEs and BCs but make use of it’s internal DE solver)

□ for our example, BCs simplify:    

[Liu,Ma Comput.Phys.Commun. 283 (2023) ]
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Differential equations for MI: auxiliary mass flow
□ transport from BC at large η to η=0

via successive series expansions  

□ final asymptotic series at η=0 take a form
    

□ recover original integrals from η=0 at finite ε

□ integrals with massive quarks require two step 
evolution

[Liu,Ma Comput.Phys.Commun. 283 (2023) ]
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… in practice

(high-precision evaluation allows 
reconstruction of analytic rational 
numbers)
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Conclusions
□ NS EoS considerably constrained by pQCD results

□ Although high-order QFT calculations at nonzero density are cumbersome ...

□ ...they can be linked to vacuum integrals, opening the door to a vast 
landscape of tools, such as (thermal/dense)LTD, integration-by-parts and 
differential equation method

□ LTD/MC integration & (semi-)analytic methods complement each other

□ stay tuned for upcoming N3LO results!
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